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Introduction
The USDA Forest Service’s Forest Inventory and 

Analysis Units (FIA) report on the condition of forests 
within the United States and its territories. To this end, 
the Forest Service recently initiated an annualized forest 
inventory sampling design in order to improve estima-
tion of both the current resource inventory and changes 
in the resource. Roesch (in review) gives the theory 
for a generalized three-dimensional explanation of the 
current sample frame. In two dimensions, the sample 
plots are located relative to a systematic triangular grid 
consisting of k mutually-exclusive interpenetrating pan-
els. If the number of sample plots equals n, then each 
panel consists of approximately n/k plots. Time is the 
third dimension, incorporated by measuring one panel 
per year for k consecutive years, after which the panel 
measurement sequence reinitiates. That is, if panel 1 was 
measured in 1997, it will also be measured in 1997+k, 
1997+2k, and so on. Panel 2 would then be measured 
in 1998, 1998+k, 1998+2k, etc. (Figure 1.)  The panels 
are assigned to previously measured and new plots in a 
spatially systematic manner.

The sample is drawn from a three-dimensional cube, 
two dimensions constitute the land area and the third 
dimension is time. Roesch (in review) describes the 
two areal dimensions of the design as the joint selec-
tion of previously existing and new sample points by 
a randomly applied triangular grid. It is assumed that 
the sample points from the entire collection of previous 
periodic inventories constitute a random sample from 
the infinite set of points within the geographically-de-
fined population described above. The sample unit is a 
series of line segments, linear in time. That is, when the 

time dimension is collapsed down onto the area dimen-
sions, each series of line segments collectively appear 
as a single point on the area. Each line segment within 
a series is of an approximate length of 1 day. Individual 
segments occur every (k +/- 1) year, within each series. 
Within a sufficiently small segment of time, all points 
within the land area dimensions of the volume common 
to each area segment created by the overlapping inclu-
sion areas of all possible subsets of trees occurring on the 
land area (sensei Roesch et. al. 1993) could be viewed as 
a temporally-specific sampling unit. However, because 
these segments change as time progresses, the sample 
unit appears as a point in the temporally-specific land 
area dimensions of the volume. That is, if the population 
is sliced into, say, annual volumes, and then the annual 
sub-population is viewed from the top, a set of N/k points 
on the land area base will be observed. The thinner the 
temporal slice, the smaller the sample per land area of 
interest and the wider the slice, the fuzzier the segment 
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Figure 1. A rotating panel design with 5 panels and a five-year 
remeasurement period.
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boundaries, due to changes in both the land area and 
the subpopulations of trees within the land area. The 
temporal slices should be thin enough that all daily line 
segments (sample units) associated with a point on the 
land area can be considered exchangeable. We usually 
(but not always) assume that the assignment of measure-
ment day within panel (slice) is ignorable. When we can 
make this assumption, the plot measurements support 
the entire line segment within the panel volume (that is 
all days constituting the slice.)  For most forestry pur-
poses, annual slices will constitute the minimum height 
that forms a reasonable compromise between temporal 
specificity and land area generality.

Below, I briefly review the traditional components of 
growth as presented by Meyer (1953) and subsequently 
show the intuitively appealing redefinition of the compo-
nents of change given by Eriksson (1995). I then discuss 
how discrete analogs to Erickson’s components could be 
estimated from the annual inventory design.

Components of Growth
Meyer (1953) expressed the components of forest 

growth as:
	 V2 - V1 = S + I - M - C,	 (1)
where:
	 Vi = the total value at time i, i=1,2,
	 S = survivor growth,
	 I = ingrowth,
	 M = mortality, and
	 C = cut.

Estimators for the components of growth are con-
sidered compatible if they can replace the population 
parameters in equation (1) without destroying the equal-
ity.

 Roesch (2004) and Roesch (in review) claim that the 
weakness of the traditional definitions of the components 
of growth lies in their inherent dependence on the length 
of the measurement interval because the definition of the 
components of growth for the population is dependent 
upon the time that the relative sample stages are executed. 
By these definitions, the components are not strictly 
population parameters to be estimated. Rather, they were 
a convenient marriage of a population and its sample. 
Unfortunately, the marriage ceased to remain convenient 
when the sample design changed in a significant way. 

Components of Change
Eriksson (1995) recommended a new set of defini-

tions, labeled the components of change, that were 

applicable over a temporal continuum, as opposed to the 
traditional growth component definitions that were not 
time-additive over multiple period lengths. For example, 
over a ten-year period in which all plots are measured 
in years 0, 5, and 10, the sums of the expected values of 
the estimators of each component over the two intervals 
(years 0-5 and 5-10) would not equal the expected value 
of the estimators sans the year 5 measurement. The com-
ponents of change given by Eriksson (1995) are defined 
by population attributes and are therefore not sample 
dependent. Non-additivity is a valid concern due to a 
fundamental flaw in the original definition of the compo-
nents of growth. Additionally, the redefinitions become 
extremely compelling in the realm of annual inventories. 
The discussion above at least suggests that the original 
definitions are inadequate for time-interpenetrating 
sample designs, such as this rotating panel design. 

Eriksson (1995) noted that the traditional compo-
nent of ingrowth consists of both the value of the trees 
that attain the minimum merchantability limit and the 
growth in value subsequent to attaining the minimum 
merchantability limit. Obviously, the later should actu-
ally be attributed to survivor growth. Paraphrasing the 
definitions of Eriksson (1995), live tree growth is the 
growth in value that occurs on trees after the minimum 
merchantability limit has been achieved. Entry is the 
value of trees as they attain the minimum merchantabil-
ity limit. Mortality is the value of trees as they die, and 
Cut is the value of trees as they are harvested. Roesch 
(2004, in review) used discrete analogs to Eriksson’s 
(1995) definitions with a small (1 year) interval length 
for two reasons, (1) an assumption that 1 year is about the 
minimum interval length required for the growth signal 
to overpower measurement error, and (2) to facilitate a 
tractable temporal partitioning of the observations.

Implicit in the use of the discrete definitions is the 
assumption that no growth occurs on mortality and cut 
trees during year of death or harvest. During the time 
interval of interest, a tree can contribute to multiple 
components of change. For example, an individual may 
enter the population, live for two years and then die in 
between observation instances.

The discrete intervals allow the definition of a set 
of indicator matrices, one for each component, having 
one row for each tree in the population during the for-
est inventory. For example, the indicator matrix for the 
entry component:
time = P   P-1…1 tree

IE=  

 

0 0L1
0 0O0
0 1O0
1 0L0


















 

1
M
M
N

.
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In IE, the first column is for the most recent year of the 
inventory, and each successive column is one year prior 
to the previous column. For each tree, all columns are 
zero except for the year of entry, which would contain 
a 1. Analogous indicator matrices for tree mortality, IM, 
and for tree harvest, IC, are defined. The indicator matrix 
for the live category contains a 1 for each year that a tree 
is alive subsequent to its entry year and prior to its year 
of harvest or death, and a 0 otherwise:

IL=  

 

0 0L0
1 1O1
0 1O0
1 1L1


















 

1
M
M
N

The four indicator matrices are of equal dimension and 
sum to the population indicator matrix, IP=IE+IL+IM+IC. 
Likewise, we form a value matrix of the same dimen-
sion:

v=  

 

v1,P v1,P−1 L v1,1

v2,P v2,P−1

M O M
vN ,P M vN ,1





















, 

and an (Nx1) entry value vector: 

 

v1
E

v2
E

M
M

vN
E























The period of interest of length t beginning in year 
h (h≥1,h+t≤P) is selected by defining a column vector 
Yh+t,h in which rows represent time in reverse annual 
order. A row contains a 1 for a year of interest and a 0 
otherwise.

Additionally, we define the first difference matrix with 

P-1 columns and P rows, such that the ordered pair 
1
−1









  

appears once and only once in each column and all other 
entries are zero. The ordered pair occupies the first two 
positions in the first column, and moves one position 
down in each subsequent column:

P-1  P-2… …  1

d1=  

 

1 0L 0 0
−1 1 L 0 0
0 −1O M M
0 0L−1 1
0 0L 0 −1





















  

P
P −1

M
M
1

The change components are represented as:
Entry: Eh,h+t=(IE'vE)'Yh+t,h+1,

Live growth: Lh,h+t=(IL' (vd1)) 'Yh+t,h+1+[IE' (v-
vE)]'Yh+t,h+1,

Merchantable Mortality: Mh,h+t=(IM'v)'Yh+t-1,h, and
Merchantable Cut: Ch,h+t=(IC'v)'Yh+t-1,h.
We also estimate Merchantable Volume at times h+t 

to h: Vh+t,h=(IP'v)'Yh+t,h.
It is important to clearly distinguish the attributes that 

truly belong to the population from those that are artifacts 
of the sample design. My suggestions for estimation 
recognize (1) a measurement interval length (say five 
years) that is longer than the minimum growth interval 
of one year, and (2) annually overlapping measurement 
intervals that result from the rotating panel design.

Mixed Estimator
The components of change definitions are superior 

to the traditional components of growth for a number 
of reasons, the time additivity advantage pointed out 
by Eriksson (1995) being the most obvious. However, 
that does not necessarily translate into a stronger argu-
ment for forcing compatibility of the estimates of the 
components. Suppose that our sample design consists 
of five overlapping continuously remeasured panels, 
one panel measured each year and then remeasured 
five years hence. The strongest signal for value during 
any particular year will come from the panel actually 
measured in that year, while the strongest signal for the 
live growth component will come from the panel with a 
remeasurement interval centered on that year. A mixed 
estimator would seem to be a good way to balance the 
desire for the “best” estimate for each component with 
a desire for compatible estimates. The mixed estimator 
draws strength from overlapping panels. It’s a general-
ized least squares estimator in which model constraints 
are appended to the data matrices. Van Deusen (1996, 
1999, 2000) showed mixed estimators for successive 
annual estimates. Roesch (2001) tested mixed estimators 
using both real and simulated data, finding the mixed 
estimators to perform quite well relative alternative 
techniques. Roesch (in review) argues for an approach 
that involves building compatibility constraints for the 
components of change into a mixed estimator after noting 
that compatibility requires, for any i and any t, the strict 
equality: V̂i+t − V̂t = L̂i ,i+t + Êi ,i+t − M̂ i ,i+t − Ĉi ,i+t .

Consider a model in which the observed midpoint 
values are used to constrain the component estimates. 
That is, for k, an integer, and t≥k+1 let

δt
k =

(Vt−(k−1
2 )

−Vt−(k+1
2 )

), if k is odd:

(Vt−(k−2
2 )

−Vt−(k+2
2 )

), if k is even;







and form a four-column row vector of components such 
that:
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χ t
k =

Lt−k ,t

k
|
Et-k ,t

k
|
-Mt-k ,t

k
|
-Ct−k ,t

k
, if k is odd;

2Lt-k ,t

k
|
2Et−k ,t

k
|
−2Mt−k ,t

k
|
−2Ct−k ,t

k
, if k is even;










Assume an observation model at each time t: 
δt

k = χ t
kβt + et ,

where ßt is a vector of coefficients with a row for each 
component and et is iid (0, σ2

t /mt), and combine it with 
a reasonably constrained transition model.

Form a vector from the,  
δt

k ' s,∆ = δk+1
k ,K,δT

k ' , a 
matrix X, from the χk

t's, having ((T-k)*4) columns. 
The vector χk

t is placed in row i beginning in column ((i-
1)*4)+1). The rest of the elements in the row are zeros. 
Concatenate successive elements of the column vectors 

ßt into the column vector 
 

β =
βk+1

M
βT















 , having ((T-k)*4) 

rows. Form vectors from the error terms e=[ek+t,...,eT]' 
and ε=[εk+t,...,εT]'. Represent equation (3) with: 

	 Δ=χβ+e	 (4)

Represent the covariance matrix of Δ with Σ. The 
temporal constraints can be re-expressed as:

	 Rβ=ε	 (5)

where R is the appropriately sized matrix of constraints 
for the transition model.

Combining the observation model with the transition 
model:

	
∆
0









 =

X
R









β +

e
ε









 	 (6)

Following Van Deusen (1999), the error vectors e and 
ε are assumed to have independent multivariate normal 
distributions. ε represents random deviations applied to 
the beta coefficients, which should be independent of the 
sampling errors represented by e. Theil’s (1963, 1971) 
mixed estimator for β, is:

β̂ = ′X Σ−1X + 1
p

′R Ω−1R










−1

′X Σ−1∆

The transition covariance matrix Ω is assumed to be a 
scaled submatrix of Σ, allowing us to adapt a maximum 
likelihood estimator of the parameter p given by Van 
Deusen (1999), which determines the strictness of the 
constraints.

Conclusion
In this paper and the previous ones cited, I attempted 

to clearly distinguish the effect of scale in the definition 
of the components of change from the effect on our 
ability to estimate the components of change at different 
scales caused by the sample design. Once this distinc-
tion has been made, it is clear that the annual estimates 
of the components of change desired by users of FIA 
data can only be obtained through the use of models ap-
plied to the sample design. That is, there are no strictly 
design-unbiased estimators for the annual components 
of change available for this rotating panel design. The 
mixed estimation technique allows us to use simple 
models to make well-supported estimates at varying 
scales by drawing strength from measurements made on 
temporal “neighbors”.
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