Appendix A
Derivatives of the Benefit Functions

This appendix provides the analytical derivation of the first and second order partial derivatives
of the benefit functions introduced in Chapter 4. The initial section of this appendix presents
derivatives of the downward sloping benefit functions while the second section corresponds to
the constant price functions. The expressions presented here are part of a library of functions that
are used for the assemblage of the gradient vector and Hessian matrix introduced in Chapter 5,
Method of Solution.

Derivatives of the Downward Sloping Benefit Functions

Variable-Head Hydropower Benefit Function

HPW"" - First Partial Derivatives

The benefit function for a variable-head powerplant, equation (4.9), includes three types of
decision variables: 1) the powerplant release (7 variable), 2) controlled releases (XR term) other
than the powerplant release, and 3) controlled inflows (X7 term) (figures 3.1 and 4.1). These
controlled outflows and inflows are part of equation (4.9a), and therefore subject to
differentiation. Three cases of first order partial derivatives (FPD) follow.

Case T FPD with respect to powerplant release 7 for any time step i. The role of 7; in the
FPD is reflected by the first two lines of (A.1). The release T, also appears
implicitly in (4.9a) as a reservoir outflow for time periods subsequent to i, from
i+1 to the end of the optimization horizon np. This portion of the derivative is
given by the last term in (A.1).

6B HPW™ p; 4, b, - -
A ([2a/b,+28°+2 5 (UL+ XI,)- 2y (T, + XR,+ UR,)
8T, k=1 k=1
+ (UL + XI.- XR,—- UR))] exp(—T,/b,) - [ T, exp(- Ti/bz)]} (A.1)
np pk
- vy N—ayb b, [1-exp(-T,/b,)]
k=iv1 P
Case XR FPD with respect to any other controlled release d, ,dj ,.. from the same

reservoir that supplies water to the powerplant under consideration. For example,
the FPD in (A.2) is written with respect to the decision variable d,. The controlled
releases in the FPD at any given time step i is reflected by the first term of (A.2).
Moreover, the d, ,d, ,.. variables also appear as reservoir outflows for time

i i i ..
steps i+ and forward. This is reflected by the second term.
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&g HPW™ p; a,b, b " p
- nF% [1- exp(- T,/b)] - oz ln?kazbl b, [1- exp(- T,/b,)] )(A.2
A =i+

14

Case XI FPD with respect to any of the upstream decision variables d,’,dy,.. flowing
into the reservoir that regulates flows for the powerplant of interest. For example,
the first part of (A.3) reflects the role of d, in the FPD at a given time step i.
Moreover, the variables d/,dy,.. also appear as reservoir inflows in (4.9a) for
time i+7 and forward. This is reflected by the second term.

) p; ayb, b, " Py u
W = {T\? 5 [1-exp(-T,/by)] + k:)i:+ ln? a,b, b, [1- exp(-T,/b,)] } €4 (A.

i 3)

where ¢, is the coefficient of the upstream decision variable d, (controlled
inflow) for which the FPD was written.

HPW"" - Second Partial Derivatives

The second order partial derivatives (SPD) presented in this subsection are from equations (A.1),
(A.2), and (A.3). In each case we provide a reference to the relative position of the SPD within
the global Hessian matrix as discussed in Chapter 6, Mathematical Connectivity of System
Components.

Case T-T FPD and SPD with respect to the same variable 7. Three sub-cases are considered:
1. component submatrix—diagonal terms

62BHPWm ~ pi a2 bl

22 - -y (a/b, + by/2 + 8,) exp(-T,/b,)

2. component submatrix—off-diagonal terms (lower-triangular)
&2p HEW'™H )2
——— = - nN—a, b exp(-T,/b) ... or j<i A5

o7 oT, T\lep(,z) Jor j (A.5)

3. component submatrix—off-diagonal terms (upper-triangular)
&2p HPW'™H

b, s
W = - 1'|Ffazb1 exp(~T;/by) e for j>i (A.6)
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Case T-XR  FPD with respect to variable 7, and SPD with respect to other controlled reservoir

Case XR-T

Case T-XI

release, represented here by d,. Two sub-cases are considered:
1. link submatrix—diagonal terms

&2B HPW ' _ p; a4, b,

5, 6T, P

exp(- T,/b,) (A.7)

2. link submatrix—off-diagonal terms (lower-triangular)

&B " Pi b T./b (A.8)
- = —-n exp(-T./b,) ... or j<i A.
8d, oT, n P a, by exp(~ 1,/b)) forJ

J

FPD with respect to other controlled reservoir release d,, and SPD with respect
to 7. Two sub-cases are considered:
1. link submatrix—diagonal terms

5zBHPWW’ _ &%bl
8T,8d,

exp(- T,/b,) (A.9)

2. link submatrix—off-diagonal terms (upper-triangular)
2B HPW™ p; s
W = - n;'lazbl eXp(—]}/b2) ....... for_]>l (A.IO)

FPD with respect to 7 and SPD with respect to a controlled reservoir inflow, for
example d,'. Two sub-cases are considered:
1. link submatrix—diagonal terms

62BHPWVH ~ p; a, bl

&d, 8T, P

exp(-T,/b,) ¢, (A.11)

2. link submatrix—off-diagonal terms (lower-triangular)

&2 HEW ™ D,
Frpmi n;’azbl exp(- T,/b,) ¢f oo for j<i (A.12)
d, oT,
Aj i

where ¢, is the coefficient of the upstream decision 4.
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Case XI-T  FPD with respect to a controlled reservoir inflow, for example d,, and SPD
with respect to variable 7. Two sub-cases are considered:

1. link submatrix—diagonal terms

2 HPW H ) b
BT _ P exp(- T,/b,) ¢, (A.13)
8T, 8d, P
2. link submatrix—off-diagonal terms (upper-triangular)
21 HPWYH A A.14
¥BTT . 1'|&c12b1 exp(—Tj/b2) cA" ....... for j>i ( )
8T, 8d, P

where ¢, is the coefficient corresponding to the upstream decision variable
d, (controlled inflow) for which the SPD was written.

Fixed-Head Hydropower Benefit Function

HPW™™ - First Partial Derivatives
The benefit function for a fixed-head powerplant, equation (4.14), admits only one case of first
partial derivative:

Case XI FPD with respect to any of the upstream decision variables contained in the term
T,. For example, writing the derivative for the decision set d’ .
HPW A A.l15
[ ki n&al%exp(— T,/b) c, ( )
od,)! P

i
where ¢, is the coefficient of the upstream decision variable d,’.

HPW"™™ - Second Partial Derivatives
The second partial derivatives from equation (A.15) should consider all possible combinations of
the controlled inflows. Two sub-cases are contemplated:

Case XI 1. Component submatrix—diagonal terms. FPD and SPD with respect to the
same variable, for

instance d, .
27y HPW a.a 4
—M’; _ = - 205 - 18) ()

od,)! 6d; P b, (A.16)

158



2. Component submatrix—diagonal terms. FPD and SPD taken with respect to
different variables, for instance, d, and dj .

2 HPW )
&B S it exp(- T,/b,) ¢ cs (A.17)

8dg 8dj P b,

Irrigation Benefit Function

IRR - First Partial Derivatives
The benefit function for an agricultural demand area, equation (4.19), admits a single case of first
partial derivative:

Case XI FPD with respect to any of the upstream decision variables contained in the term
A ;. For instance, writing the derivative for the variable d, .
IRR
8B . 4, exp(-A47b,) ¢} (A.18)
8d, ' '

where ¢, is the coefficient corresponding to the upstream decision
variable d, that flows into the irrigation zone.

IRR - Second Partial Derivatives
The second partial derivatives are derived from equation (A.18). Two sub-cases are considered:

Case XI 1. Component submatrix—diagonal terms. FPD and SPD taken with respect to
the same variable. In this case, the decision set d, is used.
2 IRR as.
I exp(- 4, /b, ) @y (A.19)
od, 8d, b3i t

2. Component submatrix—diagonal terms. FPD and SPD taken with respect to
two different control variables. For example, sets d, and dj .
27 IRR as.
B T exp(-4,/b, ) ¢ ¢; (A.20)
6dBu' 6dAu b3 !

1
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Municipal and Industrial Benefit Function

M&I - First Partial Derivatives
The benefit function for a municipal and industrial demand area, equation (4.24), admits a single
case of first partial derivative:

Case XI FPD with respect to any of the upstream decision variables contained in the term
D,. For example, taking the derivative with respectto d, we obtain
Mal
0BT . a, exp(D,/b, ) ¢, (A.21)
édAu . 14 1

where ¢, is the coefficient of the decision variable of interest.

M&I - Second Partial Derivatives
Second partial derivatives are derived from (A.21). Two cases are contemplated:

Case XI 1. Component submatrix—diagonal terms. FPD and SPD taken with respect to
the same variable, for instance, d,’ .
2y M&I ay.
BT M exp(-D,/b,) (€)Y (A22)
od, 8d, b4i t

2. Component submatrix—diagonal terms. FPD and SPD taken with respect to
two different control variables, for example, d, and dj .

ypr S exp(D. /b, ) ¢ ot
——— = - —exp(D,/b, ) ¢, cg A2
sd’ od' by J (A.23)

1

where now ¢, and ¢j are the coefficients corresponding to the two decision
variables of interest.

Instream Water Recreation Benefit Function

IRA - First Partial Derivatives
The benefit function for an instream water recreation activity, equation (4.29), admits a single
case of first partial derivative:
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Case XI FPD with respect to any of the upstream decision variables contained in the term
R;. For example, writing the derivative with respectto d, yields

6BIRA

= (asi - bSiRi) N (A.24)
where ¢, is the coefficient corresponding to the decision variable d, .

IRA - Second Partial Derivatives
The second partial derivatives are derived from equation (A.24). Two cases are contemplated:

Case XI 1. Component submatrix—diagonal terms. FPD and SPD taken with respect to
the same variable. In this example d, is used.
&?B™”4 u\2
— - b5 () (A.25)

2. Component submatrix—diagonal terms. FPD and SPD taken with respect to
two different control variables, for example, variables d, and dj .

2 IRA
L S D (A.26)
8dy 8d; :

where ¢, and ¢, correspond to the decision variables of interest.

Reservoir Recreation Benefit Function

The benefit function for reservoir recreation (RRA), equation (4.30), admits partial derivatives
with respect to all controlled releases and inflows to the reservoir where recreation takes place.
The partial derivatives presented herein are organized in a form similar to hydropower.

RRA - First Partial Derivatives

Case XR FPD of the reservoir recreation benefit function with respect to any controlled
release d4>dp,-. For example, the FPD in (A.27) is written with respect to the
decision variable d,. The controlled release during time step i yields the first term
of (A.27). Moreover, dA,. also appears as a reservoir outflow for time steps i+
and forward. This is expressed by the second term of (A.27).
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Case XI

ag bs,. np s, bsk

R 1 >:
od, 2 cosh2(b6iSi ) keitl cosh2(b6kSk+ cs)

(A.27)

1

FPD of the reservoir recreation benefit function with respect to any controlled
reservoir inflow d,dg,.. For example, the FPD in (A.28) is written with respect
to the decision variable d, . The first term of (A.28) reflects the role of dAui asa
reservoir inflow during time step i. Moreover, the d,' also appears as a
reservoir inflow for time steps i+/ and forward. This is reflected by the second
term of (A.28),

a. b np a. b
6,7, 6, Vs,

8B R’4 1 u
|3 T + k—E' R ¢, (A.28)
od 4 cos (bs,.Si - cs,.) =i+1 COS (bskS ot c6k)

where ¢, is the coefficient of the upstream decision variable d, (controlled
inflow) for which the FPD was written.

RRA - Second Partial Derivatives

Case XR-XR Indicates the case where the FPD and SPD are taken both with respect to

controlled releases. The following SPDs are derived from equation A.27. Three
subcases are considered according to the time steps under consideration. In each
case we provide a reference to the relative position of the SPD within the global
Hessian matrix.

1. component submatrix—diagonal terms. FPD and SPD taken at the same time
step i

SBRRA 2 tanh(b6i§i— c6,-) ) np 2 tanh(b6k§k— c6k)
5d 6d, _Ea6i 6 2L o - } %,7%6 27 o
8,944, cosh®(b, S,—¢c;)  k=ixl cosh™(bg S~ ¢ )

(A.29)

2. component submatrix—off-diagonal terms (lower-triangular). SPD taken at
time steps earlier than the FPD, i.e., for... j <i

52B RRA ) tanh(b6i6_' i~ c6,») np ) tanh(b6k6_' e c6k)
B;%44, cosh (bs,.S i cs,.) k=i+1 cosh (kaSk_ csk)
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3. component submatrix—off-diagonal terms (upper-triangular). SPD taken at
time steps later than the FPD, i.e., for... j > i

&2B RRA _ 62 tanh(bstj‘ c6j) ) n; a b62 tanh(kaSk— C6k) (A31)
6. - - n 6 k - .
MijAi 7 coshz(bGjS ) ke g cosh2(b6kS v )

Note: equations (A.29) through (A.31) also apply when the SPD is taken with
respect to the same controlled release as the FPD (e.g., 8°B*4/68d,8d, )

Case XI-XI Indicates the case where the FPD and SPD are taken both with respect to
controlled inflows. The following SPDs are derived from equation (A.28). Three
subcases are considered according to the time steps under consideration. In each
case we provide a reference to the relative position of the SPD within the global
Hessian matrix.

1. component submatrix—diagonal terms. FPD and SPD taken at the same time

step i

27 RRA tanh(b _LSTi—c») np tanh(b S.-c )
OB | -lapr — L o g b ——2E T okt (A3
8dy 8d, 2" 7 cosh¥(bg S,mcg) k=1t ¥ cosh(b, Sy c) 2)

2. component submatrix—off-diagonal terms (lower-triangular). SPD taken at
time steps earlier than the FPD, i.e., for... j <i

52B RRA ) tanh(b6_§i— ) np ) tanh(b6k§k— c6k)
PO _a6ib6i 2 = . 2> a6kb6k 2% o
6dBj6dAi cosh (bs,.Si_ cs,.) k=i+1 cosh (b6kSk— csk)

cscg (A33)

3. component submatrix—off-diagonal terms (upper-triangular). SPD taken at
time steps later than the FPD, i.e., for... j > i

2 RRA tanh(b, S - c, ) mp tanh(b, S,- ¢, )
BT |- a6_bé VIR Y g b62k Bl G ciep (A34)
6d; j 6dAui T COShz(bGij - c6j) kit COSh2(b6kSk_ csk)

Note: equations (A.32) to (A.34) also apply when the SPD is taken with respect to
the same controlled inflow as the FPD (e.g., 6°B®*4/8d, 6d,' )
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Case XR-XI

Case XI-XR

Indicates the case where the FPD and SPD are taken with respect to a controlled
release and a controlled inflow, respectively. The following SPDs are derived
from equation (A.27). In each case we provide a reference to the relative position
of the SPD within the global Hessian matrix. Three subcases exist according to
the time steps under consideration:

1. component submatrix—diagonal terms. FPD and SPD taken at the same time
step i

270 RRA tanh(b, S,- ¢, ) np tanh(b, S.- ¢, )
B _| L1, p? S % L2y a bl Sk O |x o (A3

- 6 . — =
5dB”i5dAi 2 % coshz(b6iS,.— 06,-) kore1 kK coshz(b6kSk— c6k) 5)

2. component submatrix—off-diagonal terms (lower-triangular). SPD taken at
time steps earlier than the FPD, i.e., for... j <i

52B RRA ) tanh(b6_§i— ) np ) tanh(b, §k— )
——— = | a5 bg_ 2 ———+2 ¢ askbsk ) ——
6dBj6d ” cosh (bs,.Si_ cs,.) k=iv1 cosh (b6kSk_ c6k)

et (A36)

3. component submatrix—off-diagonal terms (upper-triangular). SPD taken at
time steps later than the FPD, i.e., for... j > i

52B RRA s, 62 tanh(b6]_Si.— c6j) - rg N b62 tanh(b6kS_k— c6k) i (A3T)
6dB”j 8d, ' cosh(bg S, cg) kel © cosh?(b S~ )

Indicates the case when the FPD and SPD are taken with respect to a controlled
inflow and a controlled release, respectively. The following SPDs are derived
from equation (A.28). In each case we provide a reference to the relative position
of the SPD within the global Hessian matrix. Three subcases exist according to
the time steps under consideration:

1. component submatrix—diagonal terms. FPD and SPD taken at the same time
step i

27 RRA tanh(d §i—c) np tanh(d S -c )
&B = la b2 i S 12 y a b2 %k 6 c, (A3

w7 squ |2 676 27 o
8d, 6d, cosh®(b, S;,— ¢;)

5,06 =
k=i+1 F kcosh2(b6kSk— cs) 8)
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2. component submatrix—off-diagonal terms (lower-triangular). SPD taken at
time steps earlier than the FPD, i.e., for... j <i

21 RRA tanh(b Ei—c ) np tanh(b S.-c )
&8 = | a, b i 6’+2Eab62 %k G

b2 1 02, * ¢’ (A39)
dd, dd, © 'cosh’ (b, S,-cg)  k=ivl cosh2(b6kSk— cs)
j i i i

3. component submatrix—off-diagonal terms (upper-triangular). SPD taken at
time steps later than the FPD, i.e., for... j > i

27 RRA tanh(b S-c ) np tanh(b S.-c )
OB agb —— L Y y gb —— T ok (A40)
6dBj &d A"i T cosh2(b6ij— c6j) k=je1 F cosh2(b6kS ¥ C,)

Derivatives of the Constant Price Benefit Functions

Variable-Head Hvdropower Benefit Function

HPW™ - First Partial Derivatives
Case T FPD with respect to powerplant release 7 for any time step i.

o8B HPW'H D, a,b, 2a, i-1 i-1
—_— = —+28%+2 Ur, + XI,)- 2 T +XR + UR
8T, P 2 3, Z U )72 5 (T MRy URy)

» b, (A.41)
* (UL+ XI,- XR,~ UR, = T)| = ¥ n—ab T,
k=i+1

Case XR FPD with respect to any other controlled release d, ,dj ,.. from the same
. . 1 . .
reservoir that supplies water to the powerplant under consideration.

HPW ™ ca,b np A42
p, a p .
6B6d _ - 221 i_k): Tl}fazbl T, ( )
A, =j+1

1

Case XI FPD with respect to any of the upstream decision variables d,’,dy,.. flowing
into the reservoir that regulates flows for the powerplant of interest.
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8B HW™” D; ayb "D u
——— == 2=T+ 5 n?kazblTk}cA (A.43)

6dAu P 2 k=i+1

HPWVYH _ Second Partial Derivatives

Case T-T FPD and SPD with respect to the same variable 7. Three sub-cases are
considered:
1. component sub-matrix—diagonal terms.

82B HEW' P a, b,

W = -n > (A.44)
2. component sub-matrix—off-diagonal terms (lower-triangular)

% - - n%az b, o for j<i (A.45)
3. component sub-matrix—off-diagonal terms (upper-triangular)

% - - n%az b, for j>i (A.46)

Case T-XR  FPD with respect to variable 7 and SPD with respect to other controlled reservoir
release, represented here by d,. Two sub-cases are considered:
1. link sub-matrix—diagonal terms.

62BHPWVH o &a2bl

= A.47
5d, 6T, P 2 (Aa47)
2. link sub-matrix—off-diagonal terms (lower-triangular)
&2 HEW ™ p; o
W = - n;az bl ....... for_]<l (A.48)
J

Case XR-T  FPD with respect to other controlled reservoir release d, and SPD with respect
to 7. Two sub-cases are considered:
1. link sub-matrix—diagonal terms

52B HPW' p; a, b, (A.49)

T od, P 2
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2. link sub-matrix—off-diagonal terms (upper-triangular)

2 HPWH )
E‘T - - n%azbl ....... for j>i (A.50)
J T4,

Case T-XI  FPD with respect to 7 and SPD with respect to a controlled reservoir inflow, for
example d,/. Two sub-cases are considered:
1. link sub-matrix—diagonal terms
62BHPWVH B p; 4, b1

&d, 8T, L
1

c, (A.51)

2. link sub-matrix—off-diagonal terms (lower-triangular)

27y HPW "2 )

&8 = n&% by ¢ for j<i (A.52)

od, T, P
J

Case XI-T  FPD with respect to a controlled reservoir inflow, for example d,, and SPD
with respect to variable 7. Two sub-cases are considered:
1. link sub-matrix—diagonal terms.
62BHPWVH ~ p; a, bl

8T, 8d, P2

el (A.53)

2. link sub-matrix—off-diagonal terms (upper-triangular)
2 HPW 2 }
¥BTT . n&%bl Cq v for j>i (A.54)

8T, 8d, P

Fixed-Head Hvdropower Benefit Function

HPWFT™ _ First Partial Derivatives

Case XI FPD with respect to any upstream decision variable contained in the term 7;.
HPW A
B77 . n P a,a,exp(-T,/b,) ¢, (A.55)
od, P

i
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HPWT _ Second Partial Derivatives
SPDs are equal to zero.

Irrigation Benefit Function

IRR - First Partial Derivatives

Case XI FPD with respect to any upstream decision variable contained in the term A4..
IRR
i (A56)
édAu‘ i

IRR - Second Partial Derivatives
SPDs are equal to zero.

Municipal and Industrial Benefit Function

M&I - First Partial Derivatives

Case XI FPD with respect to any upstream decision variable contained in the term D, .
Mal
8B _ 4, exp(D,b, ) c (A.57)
édAu . 14 1

M&I - Second Partial Derivatives
SPDs are equal to zero.

Instream Water Recreation Benefit Function

IRA - First Partial Derivatives

Case XI FPD with respect to any upstream decision variable contained in the term R;.
R4
B - g e (A58)
édAu . 14

IRA - Second Partial Derivatives
SPDs are equal to zero.
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Appendix B

Fitting Exponential Demand Functions

This appendix presents the equations used by AQUARIUS to fit exponential inverse demand
functions based on economic information provided by the user. Further discussion regarding this
topic is in Chapter 2, Economic Demand Functions, General Concepts.

Cases Considered

Three cases are considered for the
analytical fitting of demand curves,
described below with the assistance
of figure B.1:

Case I: prices and quantities are
known at any two points along the
demand curve. In general, the two
points may represent: (1) the price at
which quantity demanded falls to
zero, {Q,,P,} and (2) the quantity at
which price equals the existing

price, {Q,,P,}.

Case II: price and quantity are
known at a single point, {Q,,P,}, in
addition to the elasticity at that same
point yielding the dimensionless

slope €, .

Price

(;\ P =a exp(-Q/b)
A
AN a>0,b>0
CoN
\
\
\
\
N
N
N
AN
N
TN
_______________________\_\_\_ slope
=~
|-~
NS~
Q1 Qa Quantity per period

Figure B.1 Information defining an exponential demand.

Case I1I: is the combination of Cases I and II, in which three pieces of information are specified
by the user: the two price-quantity points, {Q,,P,} and {Q,,P,}, and the elasticity €, .

Basic Equations

We start the analysis by expressing the exponential inverse demand function P=a exp(-Q/b) at

the point {Q,,P,}, where demand falls near zero,

P, = aexp(- Q,/b)

(B.1)
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Similarly, the exponential demand function can be written at the equilibrium point {Q,,P,},

P, = aexp(- 0,/b) (B.2)

By definition, the elasticity € of the demand curve is given by Eq.(B.3) (Chapter 2, Economic
Demand Functions, General Concepts). In particular, for an exponential demand function,
elasticity is expressed by the ratio of the coefficient b and the quantity demanded Q,

_ 00/9 _ _
©7 apipP b/Q (B.3)

Computing the Coefficients “a” and “b”
Each case is analyzed separately:
Casel Given the two paired values {Q,,P,} and {Q,,P,}, the parameters a and b can be

defined with no error since there is only one model of the form P = a exp(-0/b)
that will assume the exact values f{Q,) and {Q,). Working with equations (B.1)

into (B.2) yields:
a-= o Jor 0,>0 (B.4)
In(P,/P,)
exp| —————
1- Qz/Ql
.29 B.5
b = meE /Py 0 Jor 0,>0 (B.5)

If one of the points corresponds to the intercept {Q,=0, P=P,}, the coefficients a
and b are given by:

a=P, . for 0, - (B.6)

9,

- =2 = B.7
b A Jor O, (B.7)
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Case 11

Case 111

When one point of the curve is known {P,, Q,} along with its elasticity €, , there
is a unique solution to the problem. In this case, the coefficients @ and b are
expressed by:

b= -¢0, (B.8)
a = L (B.9)
exp(1/e,)

When two points and the elasticity € at one of those points are known, the fitting
problem becomes one of interpolating fitting since there are three pieces of
information and only two parameters to estimate. The problem is reduced to one
of finding the best estimates of the coefficients a and b of the exponential function
P=a exp(-Q/b) using the Least-Squares (LS) principle. This involves minimizing
the sum of all squares of deviations of the observed points and elasticity from the
fitted function.

When the economic information available, price-quantity points and elasticity, are
thought to be of unequal reliability, the LS criterion can be modified to require
that the squared error terms be multiplied by nonnegative weight factors w; before
the aggregated square error is calculated (weighted least-squares). That is, from
(B.1), (B.2), and (B.3), the weighted sum of the square of the residuals assumes
the form:

Min S = w/ [P, - aexp(- Ql/b)]2 + w, [P, - aexp(- Qz/b)]2 (B.10)

+ w_[e,- b/Q)]?

where the weighting coefficients w,, w,, and w,, for the two data points and
elasticity, respectively, are a measure of the degree of precision or degree of
importance of the three pieces of information in determining the coefficients of
the demand function. Equation (B.10) is a nonlinear expression that can be
minimized using different techniques.
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Fitting Example

Figure B.2 shows the dialog-box presented to the user, which is accessed from the Tools menu,
to estimate the coefficients of the exponential demand function for the three cases described
above.

“WLS Fitting E xponential Demand Curve |

D ata Paints
1500
@1 |0.00 F1 [150.00
uz]aunun.un F'2]‘|5.DD Ez |-0.20 £ L0
=
=,
o 90,00
o
‘Weighting Factars =
% E000
W00 W2l 1.50 We [10 =
3000
) non
Fitted Parameters Y alues on A0
Dernand (Mem)
a: 1883 b: |7034.3 e [023
M arimum Sbscissa: | 40000.00000
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Figure B.2 Graphical user interface (GUI) for fitting an exponential demand curve.

The Data Points window includes the user specified price-quantity data for two points: {Q,, P,} =
{0, 150} and {Q,,P,} = {30000, 15}; and an estimated regional elasticity €,=-0.20. When the set
of weights w,, w,, and w;, are entered as {1, 1, 0} (with zero weight for the regional elasticity),
the solution is trivial (Case I) yielding a = 150, b = 13029, and the resulting elasticity at Q, is €,
=-0.434. A second run assuming equal weights {1, 1, 1} for the three pieces of information
yields the parameters a = 150.02, b = 12959.7, and elasticity at Q, equal to -0.43.

Knowing the regional elasticity to be -0.2, the weighting coefficients are changed again to
redirect the fitting algorithm to increase the compliance to the regional elasticity value. A new set
of weights {0.1, 1.5, 10} forces the LS fitting procedure to yield a demand function with
parameters a = 188.9, b = 7034.3, and a computed elasticity €, = -0.23 (figure B.2). Note that this
value approximates the regional elasticity at the expense of the quality of fitting of the two data
points.
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